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Abstract. In this paper, we determine the partial positivity(resp., negativity) 
of the curvature of all irreducible Riemannian symmetric spaces. From the 
classifications of abstract root systems and maximal subsystems, we can give 
the calculations for symmetric spaces both in classical types and in exceptional 
types. 



1. INTRODUCTION 

We recall the definition of s-positivc curvature from !Wul . A Riemannian mani- 
fold M has s-positive(resp., s- negative) curvature if and only if for each x ^ M and 
for any (s + 1) orthonormal vectors {eo, ei, • ■ • , es} in Mx, X)i=i -^(^O: ^i) > 0(resp., 
< 0), where K{eo,ei) denotes the sectional curvature of the plane spanned by eo 
and Ci. The 1-positive curvature is equivalent to positive sectional curvature, and 
(n-l)-positive curvature is equivalent to positive Ricci curvature. 

The manifolds which have s-positive(or negative) curvature have some topologi- 
cal implications as well as their geometric properties. These manifolds were studied 
by Wu^,Shen[Shi], Kenmotsu and Xia|En | |E ^ . 

Among them it was shown in |Shzj that if a proper open manifold M has s- 
positive curvature then M has the homotopy type of a CW complex with cells each 
of dimension < s — 1. In particular, Hi{M, Z) = 0, for i > s. 

Frankel (Frl| showed that two compact totally geodesic submanifolds in an n- 
dimensional complete Riemannian manifold N of positive sectional curvature must 
intersect if the sum of their dimension is greater than or equal to n; and he proved 
|Fr2j that if V is an r-dimcnsional compact totally geodesic immersed submanifold 
of N with 2r > n, then the homomorphism of fundamental group tti^V) — > t:i{N) 
is surjective. 

These results had been generalized in the case of manifolds with partially pos- 
itive curvature by Kenmotsu and Xia in jKx2j . They showed in an n-dimensional 
complete connected Riemannian manifold with k-nonnegative curvature, let V and 
W be two complete immersed totally geodesic submanifolds of dimensions r and 
s, let one of V and W be compact and suppose N has k-positive curvature either 
at all points of V or at all points of W, iir + s>n + k — 1 then V and W must 
intersect. As the same time they also proved that if V is a r-dimensional totally 
geodesic submanifold with 2r > n + k — 1, then the homomorphism of fundamental 
group TTi{V) — * 7ri(A^) is surjective. These show that there exist topological ob- 
structions for the existence of higher dimensional totally geodesic submanifolds in 
the Riemannian manifolds with partially positive curvature. 
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Those results show that the notion of s-positivity(or negativity) is more subtle 
curvature condition. NaturaUy, determining all the s-values for irreducible Rie- 
mannian symmetric spaces of compact type is an interesting problem. This has 
been started by Lee Lee2 . She gave the s-values for the symmetric spaces of clas- 
sical types by using of the matrix representation. 

What about the exceptional cases? Concerning more and more physicists pay 
attention to the exceptional geometry, we calculate the partial positivity of the 
curvature of all irreducible Riemannian symmetric spaces of compact type. If M 
has s-positive curvature, the dual of M is a simply connected irreducible symmetric 
space of noncompact type which has s-negative curvature. 

Our method is different from hers and we can deal with both classical types as 
well as the exceptional types. For the classical types we recover Lee's result in 
[Lee2]. Our main result is the following table. 



Table 1.1 



Type 


coiTip0,ct type 


rRnk 


dimension 


s 


AI 


SU{n)/SO{n) 


n - 1 


l)(n + 2) 


n(n— 1) 
2 


All 


SU{2n)/Sp{n) 


n-1 


(n- l)(2n+ 1) 


{n ~ l)(2n - 3) 


AIII 


SU{p + q))/SiUpXU,)) 


min{p, q) 


2pq 


l + 2(p-l)(g-l) 


BDI 


SOip + q))/SO{p)xSOiq) 


min{p, q) 


pq 


l + (p-l)(<Z-l) 


Dili 


SO{2n))/U{n) 


[\n] 


n(n — 1) 


l + (n-2)(n-3) 


CI 


Sp{n)/U{n) 


n 


n(n -|- 1) 


1 -1- n{n - 1) 


CII 


Sp{p + q))/Sp{p)xSpiq) 


•minij), q) 


4p(? 


l + 4(p-l)(g-l) 


EI 


(e6(-78),sp(4)) 


6 


42 


26 


EII 


(e6(_78),su(6) -f su(2)) 


4 


40 


19 


EIII 


(e6(-78),sc'(10) + R) 


2 


32 


11 


EIV 


(e6(_78),f(4)) 


2 


26 


10 


EV 


(e7(-i33),su(8)) 


7 


70 


43 


EVI 


(e7(-i33),so(12)-f su(2)) 


4 


64 


31 


EVII 


(e7(-133),e6 


3 


54 


27 


EVIII 


(e8(-248),S0(16)) 


8 


128 


71 


EIX 


(e8(-248),e7 +SU(2)) 


4 


112 


55 


FI 


(f4(-52),Sp(3)+Su(2)) 


4 


28 


13 


FII 


(f4(-52),S0(9)) 


1 


16 


1 


G 


(fl2(-14),Su(2)+5u(2)) 


2 


8 


3 



Remark 1.1. We note some exceptional cases. 

(i) if r = rank{M) — 1, then s = r = 1. 

(ii) For AIII, p=q^2, s=4. 

(iii) For BDI p=q=2, s=3; p^q^3,s^6. 
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2. Abstract root system and subsystem 

An abstract root system in a finite dimensional real inner product space V with 
inner product <, > is a finite set A (whose element is called a root) of — {0} such 
that (i) A spans V. (ii)For a e A, the root reflection Sa{h) = h — ah.aCt, carry A 
to itself, where h G V, ah^a — • (iii) o.p.a is an integer whenever a, /3 S A . 

I = dimV is called the rank of A. The Weyl group M^(A) is the subgroup on 
orthogonal group of V generated by the reflection for a S A. An abstract root 
system is said to be reduced if a G A implies 2a ^ A. If a is a root and is not 
a root, we say that a is reduced. An abstract root system A is said to be reducible 
if A admits an nontrivial disjoint decomposition A = A' U A" with every member 
of A' orthogonal to every member of A". We say A is irreducible if it admits no 
such nontrivial decomposition. 

For a, /3 G A, the a string containing (3 is the set of all members of A U {0} of 
the form /3 + ka, fc G Z. In fact, there are no gaps, —p <k<q, p>0, q>0, and 
fl/3.Q — P — 1- The a string containing P contains at most four roots. 

We can choose a lexicographic ordering so that A ~ A+ U A^ as disjoint sum of 
the set of positive roots and the set of negative roots. A root a is called simple if 
a > and a does not decompose as the sum of two positive roots. A simple root 
is necessarily reduced. We can choose I simple roots ai, . . . ,ai which are linearly 
independent, every root a has the form a — Wi(Q;)ai with all mi(a) nonneg- 

ative or nonpositive. We call 11 — {ai, ■ • • ,ai} a simple system or a fundamental 
system. 

For an abstract root system we associate a Dynkin diagram. 

Lemma 2.1. (classifications of root systems) [Hcl,Kna]. Up to an isomorphism the 
irreducible reduced abstract root system are v4„, i?„, C„, Z3„, Eq, E^, Eg, and G2. 
For an nonreduced abstract root system, the reduced roots form an abstract reduced 
root system Ag, the roots a G A such that 2a ^ A form a reduced abstract root 
system A;, the Weyl group 0/ A,As,A/ coincide. Up to an isomorphism the only 
irreducible abstract root system that are not reduced are of the form {BC)n- 

A subset Ai of A is called a subsystem of A if it is closed, i.e., (i)if a G Ai, 
then —a G Ai . (ii) if a, /? G Ai,a + G A, then a + /3 G Ai. A subsystem Ai 
is called maximal if Ai is a proper subset of A and Ai is not properly contained 
in any properly subsystem of A. A subsystem Ai is called I — 1 maximal if it is 
maximal and ranfc(Ai) = ^ — 1, where I — rank{A). 

Lemma 2.2. (classifications of l-l maximal subsystems) [Wal]. (l)Let A be an 
irreducible reduced root system, the maximal (properly) subsystem is I maximal or 
l-l maximal. (2)Let Ai be a l-l maximal subsystem, Hi be a fundamental system of 
Ai, then there exists a fundamental system 11 0/ A such that Hi = 11 n Ai. (3)Let 
/i = ^ MiO^i be the highest root of A, Ai = {a G Aja = ^ rniai, mi — 0} then Ai 
is l-l maximal if and only if jii = 1. Every l-l maximal subsystem can be obtained 
in this manner. 

3. real semisimple lie algebras and restricted root system 

We adopt the notation as in |Helj . Let M = G/K be an irreducible Riemannian 
symmetric space of noncompact type with the Cartan decomposition q = t + p. We 
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can extend the Cartan involution 9 to be complex linear on the complex simple Lie 

algebra q^: 

(3.1) e\tc = id, 6l|pc = -~id. 

Up to isomorphism the real simple Lie algebra g is uniquely determined by and 

e. 

Let f) = f)f + obea Cartan subalgebra of q with o be maximal in p. 

dima = rank{M) = r. 

Let A = A(g'^, 1)'^) be the corresponding root system of q'^. 

Every root takes real value on f)o = if)t + 0. Through the Killing form of g"' we 
can embed the root into l)o by 

a{h) = B{a,h), for hGl)^. 

The restricted roots are the elements in o of the form 

{X = a' = ^{a-ea)\aeA}. 

All the restricted roots form an abstract root system S which can be nonreduced. 
For A e S, we denote Qx the corresponding root space with multiplicity 

mx = dimgx- 

We can choose the ordering in S which is compatible to the ordering of A. 
The restricted roots and the restricted root spaces have the following properties: 

(i) 00 = aem,m = Z((a) = {Z e t\[Z,A] = for all Ago}. . 

(ii) [Sa'Sm] C 0A+M • 

(iii) 9 (qx) = 0-A , and A e S impHes —A € S. 

(iv) — 00 + X^Aes direct sum. 

For any X G q, there exists H G a, Xq G m, Xx € Qx so that 
X = H + Xo + J2Xx = iXo+ 5^ (X_A + eX_A))+if+ ^(Xa-^X_a). 

AGS AGS+ AeE+ 

We have Iwasawa decomposition = t © a © X]AeE+ B^- 
Let h G a, the centralizer of /i in p is 

(3.2) Z,{h) = a+ 

AeE+,A(/i)=0 

Our objective is to get s = maxhea{dimZp{h)}. 

h G a is called regular if \{h) ^ for all A £ S, otherwise singular. Let 
C"*" = {h G a|A(/i) > /or A G E+} be a restricted Weyl chamber, its closure is 
the closed Weyl chamber C+. Let W(S) be the Weyl group of S , we know for any 
ft e a, there exists w G W{T, ) such that w{h) e C+. 

Let r = dim a denote the rank of M. If h is regular then dimZp{h) = dim{a) = r. 
Obviously if dimZpih) takes maximal value h must be a singular element. Now let 
h be singular, set S(/i) = {A e E|A(/i) = B(A, h) = 0}. It is obviously a subsystem 
of E. On the other hand, let Ei is a subsystem of E with ran/c(Ei) < r , the 
span of El is Vi, then dimVi < r, Let ho be any nonzero vector in the orthogonal 
complement of Vi in a, then E(/io) is a subsystem contains Ei. If rank{Y,i) = r, 
the orthogonal complement of Ei in o is 0, there exists no nonzero vector h in a 
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with contains Ei . So if dimYj{ho) takes the maximum s, S(ft.o) should be a 
maximal I — 1 subsystem. 

Let n' = {Ai_ • • • , Ar} be the fundamental system of S. From the lemma of 
maximal subsystem we see that I — 1 maximal subsystem must be of the form of 
Sfe = {A e E|A = 'm'iK, m'f, = 0}, where 1 < fc < r. 

Since s is the maximum of dimZp{h) as h varies in a, from (|3.2|l we have 

(3.3) s — r + niaxi<:k<r m-x- 

Aes+ 

We note that s = r if r = 1. The restricted root systems and the Stake diagrams 
are hsted in [Hel, p532-534]. 

4. THE PARTIAL POSITIVITY FOR RIEMANNIAN SYMMETRIC SPACES 

Let M = U/K be a simply connected irreducible symmetric spaces of compact 
type. Let u = t + p* be its Cartan decomposition. We identify p* with the tangent 
space of M at o = eK . From the theory of symmetric spaces, up to constants there 
exists uniquely [/-invariant Riemannian metric on M. We fix such one invariant 
metric. We know the curvature tensor at o is 

R{X,Y)Z ^ -[[X,Y],Z], for aU X,Y,Z ep,. 

li X,Y e p^, are orthonormal vectors, then the sectional curvature of the plane 
spanned by X and Y is 

K{X,Y)^\\[X,Y]\\\ 

Thus K{X,Y) = if and only if [^,1^] = 0. Suppose the M has s-positive curva- 
ture. From definition we have 

(1) For any s+1 orthonormal vectors {Xq, Xi, - ■ ■ , Xg} in p* 

s s 

J2k{Xo,x,) = J2\\[Xo,x,W>o. 

i=l 2=1 

(2) There exists s orthonormal vectors {Xo,Xi, ■ ■ ■ ,Xs-i} in p* 

s-l s-1 

J2k{Xo,x,) = J2\\[Xo,x,W^o. 

i=l 1=1 

This is equivalent to 

(3) For any X € p^, dimZp^ {X) < s + 1, where 

Z,,{X) = {Y epA[Y,X]^Q} 

is the centralize! of X in p*. And 

(4) There exists at least Xq G p*, dimZp^{Xo) — s. 
So we have 

s = ■maxx:Ep,{dirnZp^{X)}. 
We calculate the s in the following program: 

Let n = {ai, • • • ,ai} be the simple system of the complex simple Lie algebra 
g"'. Every root can be given as the integral linear combination 



(4.4) 



a — mi{a)ai + m2{a)a2 + • • • + mi(a)ai. 
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For a G A, a' is its restriction ( or projection ) to a. We have 

= A,e , 1 < < r, for 1 < i < L 

Then 

I r 

a' = miXie = ■m'j{a)Xj. 
i=i j=i 

From this we can get all restricted roots and their multiplicities. 

However, in our calculations, we need not know the multiplicities explicitly. From 
for 1 < fc < r, let 

Afc-{ae A|a'^0,m'fe(a) = 0}. 

we denote the number of positive roots in A(A:) by s'f.^ let = r + sj.. then we 
have 

s = maxi<k<r{sk}- 

In the following calculation, wc suppose that r > 1 since s = r = lifr = l. For 
four classical complex simple Lie algebras we imbed the root system into Euclidean 
spaces. We adopt the Dynkin diagrams of complex simple Lie algebras as in [Hell 
p476]. The root system A = A(g*', t)*^) is reduced while the restricted root system 
E = a) may be non reduced. We denote the rank of A and E by / and r 
respectively. Note that our l,r are r,l in the notation of [Hell p532-534]. For simple 
Lie algebra of exception type, we can get all the roots as listed in |Frv| . 

The following formulas are trivial 

(4.5) (/ - k){l - 1 - fc) = /(? - 1) + fc2 - k(2l - 1). 

(4.6) {I - k){l ~ I ~ k) - {I - r){l - I - r) = [r - k){2l - I - r - k). 

Lemma 4.1. Let f{t) = t{T — t),T > 0,t takes integer values 1, 2, • • • , r, r <T, 

if T — r > 1, then 

mini<t<rf{t) = /(I). 



The Dynkin diagram of o; = 5[(Z + 1, C) is 

o o o o. 

ai OL2 m^x ai 

Let Sj, 1 < j < ^ + 1, be an orthogonal base of M'+^ with jsj-p = ^fp^- The 
simple root system of a; is 

n = {aj = Sj -ej+i,j = 1,2,-- • ,0, = j^- 

The positive roots are 

Ei - Ej = ai + ■ ■ ■ + aj^i, l<i<j<l + l- 

(1)AI, M=S'[/(n)/50(n),gC = a, =sI(n,C),r = I = n - I. 
In this case, the restricted root system E = A. 
For l<k<r = l,Xk = a'f., then a' = (^ raiai)' — ^ miXi. 
We have 

A+ = {a> Olmfc(a) = 0}. 
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Let a = Si — Ej = ai + ■ ■ ■ + aj,l < i < j < I + 1, mk{a) = if and only if 

i, j < k ov i, j > k. 

Then 

fc(fc-l) {l + l-k){l-k) 



Sk = r - 



2 2 



= -k{l + l-k)+r + 
From Lemma l4.1l we get 

, 1(1 + 1) n{n~l) 
s = maxi<k<rSk = si = / H = . 

(2) All, M ^ SU{2n)/Sp{n),Q^ = ai,l = 2n - l,r = n - 1,1 = 2r + 1. 
We have 

"i = "3 = • • • = '^2r-i = "2r+i = 0; a'a = Ai, 04 = A2, • • • , = K- 

Let a — Ei—Ej, 1 < 1 < j < /+1 = 2n, a' = if and only if a = ai, as, ■ • • , Q!2n-i- 
For 1 < fc < r = n - 1, Afe = {a e A|m^(a) 0} = {a G A|m!jj.(Q;) = 0}, and 

fTi2k{o.) = if and only if i,j < 2k or j > i > 2k. 

We see that 

2fc(2fc-l) a + 1 ~ 2k)(l - 2k) , 
Sk = r + '- + ^ ^ --(r + l) 

= -2fcG + 1 - 2fc) + -^^^ - L 
From Lemma l4.1l we get 

(3) Am, we suppose that p < q, M = SUip + q)/S{Up x Ug),Q ^ aij = 
p + q — l,r ^ minlp, q) = p,r < ^ii. 

We have 

a- = a'l^^_^ = < i < r; a'j — 0,r < j < I - r. 

Let a = Ei— Ej,l<i<j<l + 1, a' — Oii and only if r < i < j < Z + 1 — r. 
m'j,{a) = if mfe(a) = or m;+i_fe(a) = 0. 
Then to'j,(q;) = implies 

l<i<j<k 01 l + l- k<i<j<l + l or k<i<j<l + l-k. 

We get 

fc(fc-l) (/ + 1 - 2fc)(/ - 2A:) (/ + 1 - 2r)(/ - 2r) 

Sk = r + 2 1 

'' 2 2 2 

= -ki2l + 2^3k) + ^^+r-^I±l^^^}^. 



If 2^±2 - r > 1, ie., r < 2LJ. then maxjsfc} = si. 
As r < ^ii, we have r < when Z > 5. 
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we have for I > 5, i.e., g > 3, 

a + l-2)(l-2) a + 1 - 2r)Q - 2r) 
s = si = r+ ^ - ^ - 

= r + ^{2r-2){2l + l-2r-2) 

= l + (r-l) + (r-l)(2i-l-2r) 
= l + 2(r-l)(;-r) 
= l + 2(p-l)((7-l). 

If Z = 4,r < |,r = 2(we suppose r > 2), as 1 • (10 - 3) < 2 • (10 - 6),thensi > 
S2, s = S2- In this case p = 2,q = 3. 

If / = 3, r < 2, r = 2, as 1 • (8 - 3) > 2 ■ (8 - 6),thensi < S2, s = S2 = 4. In this 
case p = q = 2. 



The Dynkin diagram of b; = so(2Z + 1, C) is 

O O c^=>o . 

ai a2 ai-i ai 

Let e^-, 1 < j < be an orthogonal base of R', |ejp = 2(21-1) ' simple root 
system of b; is 

n = {aj = Sj -ej+i,j = 1,2,--- ,l-l,ai= si}. 
The positive roots are 

ei,ei ±ej,l <i < j < I. 

where 

£i = aj H \-ai 

Ei — Ej = ai + ■ • ■ + ttj 
El + Ej = ai + ■ ■ ■ + aj-i + 2{aj + • • • + ai). 

(4)BL M = SO{p + q)/SO{p) x SO{q),p + q = 21 + 1, g = bi,r = p < I. 

We have 

a- = Aj, 1 < i < r; a'^ = 0, r < j < /. 
If a € A+, a' = then a is one of the following roots, 

Ei,i > r; Ei ± Ej,j > i > r. 
If a > 0, m'i.{a) = 0, then a is one of the following roots, 

ei,i> k; Si — ej,i < j < k or j > i > k; Si + Sj,j > i > k. 

Then 

r/, ,x M k(k-l) Al-k)(l-l-k) (l-r)(l -1-r), 
Sk = r + [{l-k)-{l-r)]+ ^ ^ > +2[^ >--^ >-] 

= 2r-k + M^_ll) + - k{2l - 1) + l{l r){l - 1 - r) 

= ~{4l + 1 - 3A;) + 2r + l{l - 1) - {I - r){l - 1 - r). 
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Since ^-r>^-Z = ^>l, we have 

s = si = 2r~l + {l-l){l-2)-{l-r){l-l-r) 

= l + 2(r-l) + (r-l)(2Z-l-r-l) 

= 1 + {r - 1){21 - r) 

= l + {p-l){q-l) 



The Dynkin diagram of di = 5o{2l, C) is 



O O 




Let Ej, 1 < J < Z, be an orthogonal base of M , |£j| = j^Tzry- The simple root 
system is 

n = {a-i = Sj = 1,2,--- ,1-1, ai = ei-i +si}. 

The positive roots are 

Si±Sj,i <j. 

where 

Si- Sj = Q!i H 1- aj-i 

Si+ Sj = Q!i H 1- ai-2 + ctj + \- ai 

= a, H h aj-i + 2{aj H h ai-2) + ai-i + ai. 

(5)DI, M = SO{p + q)ISO{p) X SO{q),p + q = 2l,g = di,r^p< I. 
There are three cases. 
(i)2 < r < Z — 2, we have 

Q!j = Ai, 1 < i < r; a'j=0,r <j <l. 

If a e A+, a' = then a is one of the following roots, 

Si,i>r; Si±ej,j>i>r. 
If a > 0, m'i^{a) = 0, then a is one of the following roots, 

Si,i> k; Si — Sj,i < j < k OT j > i > k; Si + Sj,j > i > k. 

Then 

= M^_ll) + - k{2l - 1) + l{l r){l -l-r)+r 

= -^(4/ - 1 - 3fc) + l{l - 1) - (Z - r){l - 1 - r) + r. 
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Since ^ - r > ^ > 1, we have 

s = si = r + {l-l){l-2)-{l-r)(l-l-r) 
= l + (r-l) + (r-l)(2;-l-r-l) 
= l + (r-l)(2?-l-r) 
= l + (p-l)(g-l). 

(ii) r = p — I — 1, q — I + 1, we have 

a'i = Xi, 1 < i < I — 2; a'i_i = a'l = A;_i = A,-. 
a' > impHes a = 0. 

If a > 0, m^(a) = 0, then a is one of the fohowing roots, 

Si,i > k; Si — ej,i < j < k 01 j > i > k; Si + ej,j > i > k. 

Then 

^ ^^kjk-l) il-k)il-l-k) 

= M^_ll) +A;2_fc(2Z-l) + /(Z-l) + r 

= -^(4/-l-3A:) + ;(/-l)+r. 

Since — r = ^ > 1, wc have 

s = si = r + {l-l){l-2) 

= {I -I? 
= l + l{l-2) 

= l + ip-l){q-l). 

(iii) r = p = l,q = I, we have 

a'i = Xi,l <i <l. 

a' > imphes a = 0. 

If a > 0, m'^{a) = 0, then a is one of the foUowing roots, 

£i,i> k; Ei — ej,i < j < k or j > i > k; Si + Sj,j > i > k. 

Then 

= ^^Hk-i)^^ii-k)ii-i-k) 



2 2 
+ k^ -k{2l-l) + l{l-l) + r 



= ~{4l-l-3k) + l{l-l)+r. 

Since — r = we have for I > 4, i.e., g > 4, 
s = si = r + (/-!)(/ -2) 

= l + (Z-l) + (Z-l)(Z-2) 
= 1 + 

When r > 2, / > r = 2. For Z = 2, r = p = 2, g = 2, si < S2, s = S2 = 3. 
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For I = 3,r = p = 2,q = 4,si > S2,s = Si; r = p = 3,q = 3, ss > Si > S2, 
s = S3 = 6. 

(6)DIII, M = S0{2n)/U{n),Q^ = = n,r = [|]. There are two cases. 
{i)l is even, we have 

Q!2i = Ai, 1 < i < r = ^■,a'2i_i = 0, 1 < i < r. 

a > 0, a' > implies a = ai, as, • • • , a;_i. 

If a > 0, m'^{a) = 0, then a is one of the following roots, 

Si — Sj,i < j < 2k ov j > i > 2k; Si + Sj,j > i > 2k. 

Then 

^ _ ^ ^ ^ 2fc(2fc-l) ^ (/ - 2fc)(/ - 1 - 2fc) ^ {I - 2k){l - 1 - 2k) 

= M?i^ + (/-2fc)(Z-l-2fc) 
= -k{Al-l-6k) + l{l-l). 
For ^ - I = ^ > 1, i.e., / > 7, we have 

s = si = l + (Z-2)(Z-3) = l + (n-2)(n-3). 

For i = 4, r = 2, si < S2, s = S2 = 6. 

For I = 6,r = 3, S2 < Si < S3, s = S3 = 15. 
(ii)^ is odd, we have 

1 — 3 I — 1 

0L2i = Ai,l < i < — ^;aj_i = = Ar,r = — ^;Q!2i-i = 0,1 < i < r. 

a > 0, a' > implies a = ai, as, • • ■ , q;;_2- 

If a > 0, mJ.(Q;) = 0, then a is one of the following roots. 

Si — Sj,i < j < 2k ov j > i > 2k; Si + Sj,j > i > 2k. 



Then 



= r I [ ^^(^^ - ^) I - ^^)(^ - 1 - 2fc) ^ (Z - 2fc)(/ - 1 - 2fc) 

= M?izl)+(z_2fc)(/-l-2fc) 

= -A;(4/-l-6fc) + /(Z-l). 
For ^ - ^ = ^ > 1, i.e., / > 4, wc have 

s = si = 1 + (/ -2)(/ -3) = 1 + (n-2)(n-3). 
For Z = 3,r = l,s = r = 1. 



The Dynkin diagram of C; = sp(Z,C) is 

o o o<^^ . 

«! a2 ai-i OLi 

Let Ej, 1 < j < /, be an orthogonal base of M', |£jp = -^pp^, the simple root 
system is 

n = {oij = Sj - Sj+i,j = 1,2,-- • , / - l,a; = 2si}. 



12 THE PARTIAL POSITIVITY OF SYMMETRIC SPACES 

The positive roots are 

2ej,£j ±ej,i < j. 

where 

2ei= 2(qi H hQ;-i) + Q;j 

Si — Ej — ai + ■ ■ ■ + aj-i 

ei + Ej = aj H + aj-2 + 2{aj + • • • + ai-i) + ai. 

(7) CI, M = Sp{n)/U{n),3'^ = Ci,l = n. 
we have 

Oii = \ul<i<l. 

a' > implies a = 0. 

If a > 0, m'j^{a) — 0, then a is one of the following roots, 

2£j, i> k; Si — Sjji < j < 2k 01 j > i > 2k; ei + ej,j > i > 2k. 

Then 

/, ,^ k(k-l) (l-k)(l-l-k) 
Sk = r + {l-k)+ ^ ^ ' +2^ L 

= 21 -k+ ~ '^^ k){l - 1 - fc) 

= -k{4l + l-3k)+l{l-l) + 2l. 
For ^ - Z = ^ > l,i.e., / > 2, we have 

s = si = 2l-l + {l-l){l-2) = 1 + 1(1-1) = l + nin-l). 

(8) CII, M = Sp{p + q)/SP{p) X 5P(g),BC = q, ? = p + g, r = p < [^]. 
We have 

a'^i = Ai, 1 < i < r; = 0,i = 1, 3, • • • , 2r - 1, or j > 2r. 

a > 0, a' > implies a = ai, 0:3, • • • , a2r-i; or a = — Sj,j > i > 2r. 
If a > 0, m'^{a) = 0, then a is one of the following roots, 

2ei,i>2k; Si — ej,i < j < 2k or j > i > 2k; Si + ej,j > i > 2k. 

Then 

s, = r + {r-k) + [^^ '--k] + 2[^ '-^ ^-^ '-] 

= 2r + k{2k - 3) + (/ - 2k){l - 1 - 2fc) - (/ - 2r){l - 1 - 2r) 
= -fc(4/ + 1 - 6A;) + 2r + l{l - 1) - (/ - 2r){l - 1 - 2r). 
For ^ - I = ^ > l,i.e., Z > 5, we have 

s = si = 2r-l + {l-2){l-3)-{l-2r){l-l-2r) 
= l + 4(r-l)(Z-l-r) 
= l + 4(p-l)(g-l). 

For I = 4,r = p = 2,q = 2,si < S2,s = S2 = 6. 



Now we consider the cases of exception type. 
We draw the Dynkin diagram of ee as follows. 
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O 



o 

ai 



O 



O- 

Q!4 



o 

Oi5 



o 



We list the positive roots of ee as follows: 

(Xi, a2, as, a4, as, a^ 
ai + as, as + a^, 02 + 04, a^ + a^, a^ + ae 
ai+as + a^, 03 + 04 + 02, 03 + 04 + 05 
04 + 05 + 02, 04 + 05 + 06 

01 + O3 + O4 + «2- «! + 03 + O4 + «5, O2 + O3 + O4 + O5 
03 + 04 + 05 + 067 O2 + 04 + 05 + 06 

01+02 + 03 + 04 + 05, Oi + 03 + 04 + 05 + 06 

02 + O3 + 04 + 05 + 06, O2 + O3 + 204 + O5 

01 + O2 + O3 + 04 + 05 + 06, Oi + 02 + 03 + 204 + O5 

02 + O3 + 204 + O5 + 06 

01 + O2 + 03 + 204 + 05 + 06, Oi + O2 + 2O3 + 204 + 05 

02 + 03 + 204 + 2O5 + 06 

Oi + O2 + 2O3 + 204 + 05 + 06, Oi + O2 + 03 + 204 + 2O5 + 06 
Oi + O2 + 2O3 + 204 + 2O5 + 06 
Oi + O2 + 2O3 + 304 + 2O5 + 06 
Oi + 202 + 2O3 + 304 + 2O5 + 06. 



0:3 + 0:4, O4 + O2, O4 + O5, O5 + O6, 

O3 + O4 + O2, O3 + O4 + O5, O4 + O5 + O2, O4 + O5 + O6, 
O3 + O4 + O5 + O2, O3 + O4 + O5 + O6, O4 + O5 + O6 + O2, 

O3 + 04 + O5 + Of, + O2, O3 + 204 + 05 + «2: 

O3 + 2o4 + 05 + 06 + 02,03 + 2o4 + 2O5 + 06 + 02} 
A2 = {oi, 03, 04, O5, 06, 

01+03, O3 + O4, 04+05, 05 +06, 

O1+O3 + O4, O3 + O4 + O5, 04 + 05 + 06, 

Oi + O3 + O4 + O5, 03 + O4 + O5 + 06, 

oi + 03 + 04 + 05 + oe} 



(9)EI,flC = ei,Z = 6,r = 6. 



we have 



o- = Aj,l < i < 6. 



o' > implies a = 0. 

If o > 0, TO^(o) = 0, then mfc(o) = 0. 

We list AjJ" as follows, 

A+ = {03, 04, 05, 06, 02, 
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= {ai, a4, Q!5, ag, a2,a4 + a2, 0^4 + 0^5, "5 + "e, 

Q!4 + as + Q!2, a^ + a^ + ae, 0:4 + as + cie + "2} 
A4 = {ai, as, as, a^, ^2, ai+as, as + a^} 

= {ai, Q!3, Q!4, ae, a2, 0:1+ as, as + a^, 04 + 02, 

ai+a3+a4, a3 + a4 + a2, ai+a3 + a4 + a2} 
Ag" = {ai, 03, a4, as, 02, 

ai+a^, aa + a4, 04 + 02, 04 + Os, 

Ol + O3 + O4, O3+O4 + O2, O3+O4 + OS, O4 + OS+O2, O1+O3+O4 + O2, 

oi + 03 + 04 + 05, 03 + 04 + 05 + 02, 

01+03 + 04 + 05 + 02, 03 + 2o4 + 05 + 02, 

Ol + 03 + 204 + Os + 02, Ol + 2o3 + 2o4 + 05 + 02}. 
We get the s values as follow 

si = 26, S2 = 21, S3 = 17, S4 = 13, ss = 17, se = 26. 

Then s = 26. 

(10) EII, 0C = e^^; = 6,r = 4. 
we have 

o'l = Og = Ai, 03 = 05 = A3, 02 = A2, 04 = A4. 

o' = implies o = 0. 

We list A^ as follows, 

A+ = {03, 04, 05, 02, 

03 + 04, 04 + 02, 04 + 05, 
03 + 04 + 02, 03 + 04 + OS, 04 + OS + 02, 
03 + 04 + 05 + 02, O3 + 204 + 05 + 02} 
Aj = {ai, 03, 04, 05, Og, 

Ol + 03, 03 + 04, 04 + 05, 05 + Og, 
01+03 + 04, 03 + 04 + 05, 04 + 05 + og, 

Ol + 03 + 04 + Os, O3 + O4 + O5 + Og, 

Ol + 03 + 04 + Os + Og} 
A3 = {oi, 04, Og, 02, 04 + 02} 
Aj = {oi, 03, 05, Og, 02, 01+03, 05 + og}. 
We get Sfe as follows, 

s\ = 16, S2 = 19, S3 = 9, S4 = 11. 

Then s = 19. 

(11) EIII,flC = e;,Z = 6,r = 2. 
we have 

a'l = Og Ai, 02 = A2, 03 = 04 = 05 = 0. 

o' = implies mi(o) = mg(o) = 0. 
We list A^ as follows, 

Af = {02, 04 + 02, 03 + 04 + 02, 04 + 05 + 02, 
03 + 04 + 05 + 02, 03 + 2o4 + 05 + 02} 



THE PARTIAL POSITIVITY OF SYMMETRIC SPACES 

= {ai, ae, ai + as, a^ + aQ, 

ai + as + a4, a^ + a^ + a^, 

ai + Q!3 + 0:4 + a5, aa + a4 + as + ae, 

ai + as + a4 + a5 + a^}. 
We get Sfe as follows, 
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Then s = S2 = 11. 

(12)EIV,flC = ei,/ = 6,r = 2. 
we have 



Sl =8,S2 = 11. 



X[ = Al, Qjg = A2, 



0. 



a' = implies mi (a) = me (a) = 0. 
We list as follows, 

= {aa, a^ + as, a4 + a5 + ae, 

as + a4 + as + ag, a4 + a.s + a^ + a2, 
as + a4 + as + ae + a2, as + 2a4 + as + ae + a2, 
as + 2a4 + 2as + ae + a2} 
Aj = {ai, ai+as, ai+as + a4, 

cci + as + a4 + a2, ai + as + 04 + as, 

Q!i + as + a4 + as + a2, ai + as + 2a4 + as + a2, 

ai + 2a3 + 2a4 + as + a2}. 
We get Sk as follows. 



Sl = 10, S2 = 10. 



Then s = 10. 



We draw the Dynkin diagram of as follows. 



a2 
O 



O 



-O 



-O- 



-o 



ai as a4 as 
(13)EV,£i^ = e,,/ = 7,r = 7. 
we have 



-O- 
ae 



-O 



a' ^ X,,A<i< 7. 



a' = implies a = 0. 
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We list as follows, 

^1 — {0:3, ^4, 0:5, ^6, ar, a2, 

a3 + a4, a4 + a5, 04 + 02, 0:5 + a6, ae + ay, 

0:3 + 0:4 + 0:2, 03 + 04 + 05, 04 + 05 + 02, 04 + 05 + O6, 05 + O6 + 07, 

03 + 04 + 05 + 02, 03 + 04 + 05 + O6, 04 + 05 + O6 + 02, 

04 + 05 + O6 + 07, 03 + 2o4 + 05 + 02, 

03 + 04 + 05 + 06 + 02, 03 + 04 + 05 + 06 + 07, 04 + 05 + 06 + 07 + 02, 

03 + 2o4 + 05 + oe + 02, 03 + 04 + 05 + 06 + 07 + 02, 03 + 2o4 + 205 + 06 + 02, 

03 + 2o4 + 05 + og + a? + 0:2, 0:3 + 2o4 + 205 + oe + 07 + 02, 

03 + 204 + 205 + 206 + 07 + 02} 

= {Ol, 0:3, "4, 05, 06, 07, 

01 + 03, 03 + 04, O4 + O5, O5+O6, 06 + 07, 

O1+O3 + O4, O3 + O4 + O5, O4 + O5 + O6, O5 + O6 + O7, 

O1+O3 + O4 + O5, O3 + O4 + O5 + O6, O4 + O5 + O6 + O7, 

Oi + O3 + O4 + O5 + 06, O3 + O4 + O5 + 06 + O7, Oi + O3 + O4 + O5 + 06 + 07} 
A^ = {Ol, 04, 05, 06, 07, O2, 

04 + O5, O4 + O2, O5 + 06, 06 + O7, 

O4 + O5 + O2, O4+O5 + O6, O5+O6 + O7, 

O4 + 05 + Og + 02, 04 + O5 + 06 + O7, O4 + O5 + 06 + O7 + 02} 

A| = {oi, 03, 05, Oe, 07, 02, 

oi + 03, 05 + Oe, Oe + 07, 05 + Oe + 07} 

A^ = {oi, 03, 04, Oe, 07, 02, 

oi + 03, 03 + 04, 04 + 02, Oe + 07, 

01 + 03 + 04, 03 + 04 + 02, 01 + 03 + 04 + 02} 

A^ = {oi, 03, 04, On, 07, 02, 

Oi + Q3, Q3 + Q4, 04 + O5, 04 + 02, 

Ol + O3 + O4, O3+O4 + O2, O3+O4 + O5, O4 + O5+O2, 

Ol + O3 + O4 + O2, Ol + O3 + 04 + O5, O3 + 04 + O5 + O2, O3 + 2o4 + O5 + O2, 
Ol + O3 + O4 + O5 + O2, Ol + O3 + 2o4 + O5 + O2, Ol + 2o3 + 2o4 + O5 + 02} 

A:^ = {oi, 03, 04, 05, Oe, 02, 01 + 03, 03 + 04, 04 + 05,04 + 02, 05 + O6, 
01+03 + 04, 03 + 04 + 02, 03 + 04 + 05, 04 + 05 + 02, 04 + 05 + O6, 
01+03+04 + 02, 01 + 03 + 04 + 05, 03 + 04 + 05 + 02, 
O3 + O4 + O5 + O6, O4 + O5 + O6 + O2, 03 + 2o4 + 05 + 02, 

Ol + 0,3 + 04 + 05 + 02, Ol + 03 + 04 + a.-5 + Oe, 03 + 04 + 05 + Oe + 02, 

Ol + 03 + 2o4 + 05 + 02- Ol + 03 + 04 + 0:5 + Of) + 02, 03 + 2o4 + 05 + Oe + 02, 

Ol + 2o3 + 2o4 + 05 + 02, Ol + Q3 + 2q4 + 05 + Oe + 02, 03 + 204 + 205 + oe + 02, 

Ol + 2o3 + 204 + 05 + Oe + 02, Ol + 03 + 2o4 + 205 + oe + 02, 

Ol + 2o3 + 2o4 + 205 + Oe + 02, Ol + 203 + 804 + 205 + oe + 02, 

Ol + 203 + 3o4 + 205 + Oe + 202}. 
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We get Sk as follows, 

si = 37, S2 = 28, S3 = 23, S4 = 17, S5 = 20, sq = 28, S7 = 43. 

Then s = 43. 

(14) EVI,0C = ei,; = 7,r = 4. 
we have 

a'l = Ai, 03 = A2, = A3, ag = A4, 0:2 = 0:5 = = 0. 

a' = implies 7712(0;) = m5(a) = 771.7(0;) = 0. 
Wc list as follows, 

= {a3, 04, Of,, Q;3+a4, a4+a5, 04 + 02, + ae, 0-6 + 07, 

03 + 04 + 02, 03 + 04 + 05, 04 + 05 + 02, 04 + 05 + 06, 05 + oe + 07, 

03 + 04 + 05 + 02, 03 + 04 + 05 + oe, 04 + 05 + oe + 02, 04 + 05 + oe + 07, 

03 + 2o4 + 05 + 02, 03 + 04 + 05 + oe + 02, 03 + 04 + 05 + og + 07, 

04 + 05 + 06 + 07 + 02, 03 + 2o4 + 05 + oe + 02, 03 + 04 + 05 + 06 + 07 + 02, 
03 + 204 + 205 + 06 + 02, 0:3 + 204 + 05 + Oe + Q!7 + Q!2, 

03 + 204 + 205 + oe + 07 + 02, Q!3 + 204 + 205 + 206 + Q!7 + 02} 
= {oi, 04, oe, 04 + 05, 04 + 02, 05 + O6, O6 + 07, 

04 + 05 + 02, 04 + 05 + O6, 05 + O6 + 07, 

04 + O5 + O6 + 02, 04 + 05 + O6 + 07, 04 + 05 + Og + 07 + 02} 
A^ = oi, 03, 06, 01+03, 05 + O6, O6 + 07, 05 + O6 + 07} 

Aj = {oi, 03, 04, 01+03, 03 + 04, 04 + 05, 04 + 02, 

Oi + O3 + 04, O3 + O4 + O2, O3+O4 + O5, O4 + O5 + O2, 

oi + Q3 + Q4 + 0^2, Oi + 03 + 04 + 05, 03 + 04 + 05 + 02, 03 + 2o4 + 05 + 02, 

Oi + O3 + O4 + O5 + O2, Oi + O3 + 204 + O5 + 02, Oi + 2o3 + 204 + O5 + O2}. 

We get Sfe as follows, 

si = 31, S2 = 17, S3 = 11, S4 = 22. 

Then s = 31. 

(15) EVII,flC = ei,Z = 7,r = 3. 
we have 

a'l = Ai, Og = A2, 07 = A3, 02 = 03 = 04 = O5 = 0. 

o' = implies 7772(0) = 7773(0) = 7774(0) = 7775(0) = 0. 
We list Ajf as follows, 

Af = {06, 07, 05 + O6, O6 + 07, 04 + 05 + O6, 05 + O6 + 07, 

O3 + O4 + O5 + O6, 04 + 05 + 06 + 02, O4 + O5 + O6 + O7, 

O3 + 04 + O5 + Og + 02, 03 + O4 + 0.-5 + Og + O7, O4 + O5 + Og + 07 + O2, 

03 + 2o4 + 05 + Og + 02, 03 + 04 + 05 + Og + 07 + 02, 03 + 2o4 + 205 + 06 + 02, 

03 + 2o4 + 05 + Og + 07 + 02, 03 + 204 + 2o5 + Og + 07 + 02, 

03 + 2o4 + 205 + 2o6 + 07 + 02} 
Aj = {oi, 07, 01+03, O1+03 + 04, 

oi + 03 + 04 + 02, oi + 03 + 04 + 05, 

oi + 03 + 04 + 05 + 02, oi + 03 + 2o4 + 05 + 02, oi + 203 + 204 + 05 + 02} 
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Ag" = {ai, ae, ai + a^, 05 + ^6, q.i + as + a4, a4 + a5 + ae, 

ai + as + + a2, ai + + a4 + a^, 0:3 + a4 + 0:5 + a^, 

0:4 + 0:5 + ae + 0^2, ai + as + a4 + + a2, ai + as + a4 + a^ + ae, 

as + a4 + a^ + ae + a2, ai + as + 2a4 + as + a2, ai + as + a4 + as + ae + a2, 

as + 2a4 + as + ae + a2, ai + 2a3 + 2a4 + as + a2, ai + as + 2a4 + as + ae + ag, 

as + 2a4 + 2as + ae + a2, ai + 2as + 2a4 + as + ae + a2, ai + as + 2a4 + 2as + ae + a2, 

ai + 2as + 2a4 + 2a5 + ae + a2, ai + 2as + 3a4 + 2a5 + ae + a2, 

ai + 2as + 3a4 + 2a5 + ae + 2a2}. 
We get Sk as follows, 

si = 21, S2 = 12, ss = 27. 

Then s = 27. 



We draw the Dynkin diagram of eg as follows. 



a2 
O 



o o o- 

ai as a4 a^ 
(16) EVIII,flC = e8,; = 8,r 
we have 



-O- 

ae 



-O- 



-O 
as 



Xi,l<i< 



a' = implies a = 0. 
We list as follows, 



{as 


ai, as, ae. 


ar, as 


a2 






as 


+ a4, a4 + a2. 


a4 + as. 


as + ae. 


ae + ay, ay + as. 


as 


+ a4 + a2, as + a4 + as. 


a4 + as + a2. 


a4 


+ as + a6, as + ae + ay. 


ae + ay + as. 


as 


+ a4 + as + a2. 


as + a4 + as + ae. 


a4 + as + ae + a2. 


a4 


+ as + ae + ay. 


as + ae + 


ay + 


as- 


as + 2a4 + as + 02, 


as 


+ a4 + as + ae + 


a2, as + 


a4 + 


as 4 


ae + ay, a4 + as + ae + ay + a2. 


a4 


+ as + aa + ar + 


as, as + 


2a4 - 


F as 


+ ag + a2 , as + 04 + as + ae + ay + a2 


as 


+ 04 + as + ag + 


ay + agj 


a4 + 


as 4 


ae + ay + ag + a2. 


as 


+ 2a4 + 2as + ae 


+ a2,a3 + 


2a4 - 


1- as 


+ ae + ay + a2, 


as 


+ a4 + as + ae + 


ay + as + a2. 


as 4- 


- 2a4 + 2as + ae + ay + a2. 


as 


+ 2a4 + as + ae + a7 + as + a2. 


as + 2a4 + 2as + 2ae + ay + a2. 


as 


+ 2a4 + 2a5 + ae + ar + as + a2. 


as + 2a4 + 2as + 2ae + ay + as + a2. 


as 


+ 2a4 + 2a5 + 2ae + 2a7 + as + a2} 
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= {ai, ct3, a^, as, o^, a^, as, 

ai + Q!3, as + a4, + as, as + ag, ae + ay, ay + ag, 

ai + aa + a4, + a4 + as, a4 + as + ag, 

as+ae + ay, ae + ay + as, ai+a3 + a4 + a5, 

as + ^4 + Q!5 + ae, aA + a^ + a^ + ar, a^ + ae + ar + as, 

Q!i + as + a4 + a5 + ae, as + 04 + 05 + ae + ay, 04 + 05 + ae + ay + ag, 

Q!i + as + a4 + a5 + ae + ar, + + + + ar + ag, 

ai + Q!s + a4 + as + ae + ay + ag} 
= {<a!i, Q!4, as, a^, ay, ag, a2, 

a4 + a2, a4 + as, as + ae, ae + ay, ay + ag, 

a4 + as + a2, a4 + as + a6, as + ag + ay, ag + ay + ag, 

a4 + as + ag + a2, a4 + as + + ay, as + ag + ay + ag, 

a4 + as + ag + ay + a2, 04 + as + ag + ay + ag, 04 + as + ag + ay + ag + a2} 
Aj = {ai, as, as, ag, ay, ag, 02, 

guadai+as, as + ag, ag + ay, ay + ag, 

as + ag + ay, ag + ay + ag, as + ag + ay + ag} 
A^ = {ai, as, a4, ag, ay, ag, 02, 

ai+a.a, as+a4, a4+a2, ag+ay, ay + ag, 

Q;i+a3 + a4, a3+a4 + a2, ag+ ay + ag, 

ai + as + ^4 + 0:2} 
Ag = {ai, as, a4, as, ay, ag, a2, 

Oil + as, as + a4, 04 + a2, 04 + as, ay + ag, 
Q!i+Q!s + a4, as + a4 + a2, 03+04 + 05, 04 + 05 + 02, 
01+03 + 04 + 05, 01 + 03 + 04 + 02, 03 + 04 + 05 + 02, 
Oi + Os + 04 + 05 + 02, 03 + 2o4 + 05 + 02, Oi + 03 + 2o4 + 05 + 02, 
oi + 2os + 2o4 + 05 + 02} 
^7 = {ai> as, 04, 05, og, og, 02, 

01+03, 03 + 04, 04 + 02, 04 + 05, 05+ Og, 
01+03 + 04, 03 + 04 + 02, 03 + 04 + 05, 

04 + 05+02, 04 + Os + Og, 

01+03+04 + 05, 01 + 03 + 04 + 02, 03 + 04 + 05 + 02, 
03 + 04 + 05 + Og, O4 + 05 + Og + O2, 

01+03+04 + 05 + O2, O3 + 204 + O5 + O2, Oi + O3 + O4 + O5 + Og, 

Os + O4 + O5 + Og + O2, Oi + O3 + 204 + O5 + O2, Oi + Os + O4 + O5 + Og + O2, 

Os + 2o4 + 05 + Og + 02, 01+203 + 204 + 05 + 02, Oi + 03 + 204 + 05 + Og + O2, 

Os + 2o4 + 205 + Og + O2, Oi + 2os + 204 + 05 + Og + O2, 

Oi + 03 + 204 + 205 + Og + 02, Oi + 2a3 + 204 + 2as + og + 02, 

oi + 2os + 804 + 205 + Og + 02, oi + 2os + 3o4 + 205 + og + 202} 



20 THE PARTIAL POSITIVITY OF SYMMETRIC SPACES 

= {q;i, "3, "4, as, "e, "2, 

Q!i+Q!3, as + a4, a4 + Q!2, 0^4 + as, a5 + ae,ae + ar, 

ai + Q!3 + a4, Q!3+Q!4 + a2, Q!3+Q!4 + Q;5, 

a4+Q:5+a2, a4+a5 + ae, a^+ae + ar, 

Oil + as + Q!4 + as, ai + a3 + a4 + a2, as + 04 + 05 + 02, 

as + a4 + a5 + a6, 04 + 05 + 06 + 02, 04 + 05 + oe + 07, 

oi + as + 04 + 05 + 02, os + 2o4 + 05 + 02, oi + os + 04 + 05 + oe, 

os + 04 + 05 + O6 + 02, Os + 04 + 05 + O6 + 07, 04 + 05 + O6 + 07 + 02, 

oi + Os + 2o4 + 05 + 02, oi + Os + 04 + 05 + oe + 02, os + 204 + 05 + oe + 02, 

oi + Os + 04 + 05 + og + 07, Os + 04 + 05 + oe + a7 + 02, oi + 2os + 204 + 05 + 02, 

Oi + «,3 + 204 + 05 + 06 + 02, O3 + 204 + 2q:5 + Of, + 02- 

Ol + Q3 + 04 + O5 + Og + 07 + O2, 03 + 2o4 + 05 + Og + 07 + 02, 

Qi + 203 + 204 + 05 + oe + a2, oi + 03 + 2o4 + 205 + 06 + 02, 
oi + as + 204 + 05 + 06 + 07 + 02, 03 + 204 + 205 + 06 + 07 + 02, 

Oi + 2os + 204 + 2O5 +06+ 02, Oi + 2os + 204 + 05 + 06 + 07 + 02, 
Oi + Os + 204 + 2O5 + 06 + 07 + 02, Os + 204 + 205 + 206 + 07 + 02, 
Oi + 2os + 304 + 2O5 + 06 + 02, Oi + 2os + 204 + 2O5 + 06 + 07 + O2, 

01+03 + 2o4 + 205 + 206 + a7 + 02, oi + 2os + 804 + 205 + oe + 2o2, 

oi + 2os + 3o4 + 205 + 06 + 07 + 02, oi + 2os + 2o4 + 205 + 206 + 07 + O2, 

Oi + 2os + 304 + 2O5 + 06 + 07 + 202, Oi + 2os + 804 + 2O5 + 206 + 07 + 02, 

oi + 2os + 3o4 + 205 + 2o6 + 07 + 2o2, oi + 2os + 804 + 805 + 2o6 + 07 + 02, 

oi + 203 + 804 + 805 + 206 + 07 + 2o2, oi + 203 + 404 + 805 + 2o6 + 07 + 2a2, 

Oi + 803 + 4o4 + 805 + 2o6 + 07 + 2o2, 2oi + 803 + 4o4 + 805 + 2o6 + 07 + 202}. 
We get Sk as follows. 



Si = 50, S2 = 86, S3 = 80, S4 = 22, S5 = 24, sq = 81, 57 = 45, sg = 71 



Then s = 71. 

(17) EIX,0C = e8,Z = 8,r = 4. 
we have 



Ai, Og = A2, 07 = As, Og = A4, 02 = Og = 04 = 05 = 0. 



o' = implies 7712(0) = ms(o) = 7714(0) = 7715(0) = 0. 
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We list as follows, 
A+ = {ae, ar, as, as + ae, ae + ar, ar + ag, 

a4 + + ae, 0:5 + ae + ar, ae + ar + ag, 

as + a4 + a5 + ae, 0:4 + 0:5 + ae + Q;2, 0:4 + 0:5 + ae + ay, 

a^ + ae + ar + as, 0:3 + 0:4 + 0:5 + ae + 0:2, 0:3 + 04 + as + ae + ar, 

a4 + a5 + ae + ar + a^, 04 + as + + a? + ^s, as + 2a4 + as + ae + a2, 

03 + Q!4 + as + ae + 07 + a2, a3 + a4 + as + ae + a7 + ag, a4 + as + ae + ay + ag + a2, 

a3 + 2a4 + 2as + a% + a^, as + 2a4 + as + ae + 07 + a2, 

as + a4 + as + ae + 07 + ag + a2, as + 2a4 + 2a5 + ae + 07 + a2, 

as + 2a4 + as + ae + a7 + ag + a2, as + 2a4 + 2a5 + 2ae + 07 + a2, 

as + 2a4 + 2a5 + ae + 07 + ag + a2, as + 2a4 + 2as + 2a6 + a7 + ag + a2, 

as + 2a4 + 2a5 + 2ae + 2a7 + ag + 02} 

= {ai, a7, ag, ai+ag, a7 + ag, ai + ag + a4, 

ai+as+a4+a5, ai+a3+a4 + a2, ai + as + a4 + as + a2, 

ai + as + 2a4 + as + a2, a\ + 2a3 + 2a4 + as + a2} 

^3 = 0L%, ag, ai+as, as + ae, ai + as + a4, 

a4 + as + a6, ai+a3 + a4 + as, ai+a3+a4 + a2, 

as + a4 + as + ae, a4 + as + ae + a2, ai + as + a4 + as + a2, 

ai + as + a4 + as + a%, as + a4 + as + ae + a2, ai + as + 2a4 + as + a2, 

ai + as + a4 + as + ae + a2, as + 2a4 + as + ae + a2, 

ai + 2a3 + 2a4 + as + a2, ai + as + 2a4 + as + ae + a2, 

as + 2a4 + 2a5 + ae + a2, ai + 2a3 + 2a4 + as + ae + 02, 

tti + cts + 2a4 + 2as + ae + a2, ai + 2a3 + 2a4 + 2a5 + ae + 02, 

ai + 2a3 + 3a4 + 2a5 + ae + a2, a\ + 2a3 + 3a4 + 2as + ae + 2a2} 

A4 = {ai, ae, a7, ai+ag, as + ae, ae + a7, 
a\ + as + a4, a4 + as + ae, as + ae + a7, 
ai + as + a4 + as, ai + as + a4 + a2, as + a4 + as + ae, 
a4 + as + ae + a2, a4 + as + a6 + a7, ai + as + a4 + as + a2, 
ai + as + a4 + as + a%, as + a4 + as + ae + a2, as + a4 + as + ae + a7, 
a4 + as + ae + a7 + a2, ai + as + 2a4 + as + a2, 
ai + as + a4 + as + ae + a2, as + 2a4 + as + ae + a2, 
ai + as + a4 + as + ae + a7, as + a4 + as + ae + a7 + a2, 
ai + 2as + 2a4 + as + a2, ai + as + 2a4 + as + ae + a2, 
as + 2a4 + 2as + ae + a2, ai + as + 04 + as + ae + a7 + a2, 
as + 2a4 + as + ae + a7 + a2, ol\ + 2a3 + 2a4 + as + ae + a2, 
ai + as + 2a4 + 2as + ae + a2, ai + ag + 2a4 + as + ae + a7 + a2, 
as + 2a4 + 2as + ae + a7 + a2, ai + 2a3 + 2a4 + 2as + ae + a2, 
ai + 2as + 2a4 + as + ae + 07 + 02, a\ + os + 204 + 2as + ae + 07 + 02, 
as + 204 + 2as + 2ae + 07 + 02, oi + 2as + 804 + 2as + oe + 02, 
ai + 2as + 2a4 + 2as + ae + a7 + a2, ai + as + 2a4 + 2as + 2ae + a7 + a2, 
ai + 2as + 3a4 + 2as + ae + 2a2, ai + 2as + 3a4 + 2as + ae + a7 + a2, 
ai + 2as + 2a4 + 2as + 2ae + a7 + a2, ol\ + 2as + 3a4 + 2as + ae + a7 + 2a2, 
ai + 2as + 3a4 + 2as + 2ae + a7 + a2, a.\ + 2as + 3a4 + 2as + 2a6 + a7 + 2a2, 
ai + 2as + 3a4 + 3as + 2ae + a7 + a2, a.\ + 2as + 3a4 + 3as + 2a6 + a7 + 2a2, 
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We get Sfc as follows, 

Si = 34, S2 = 15, S3 = 29, Si = 55. 

Then s = 55. 

The Dynkin diagram of f4 is 

o o=^>o o . 

cti a2 Q!3 0:4 
We list all positive roots 

Q!l, Q!2, 0:3, Q!4 

ai + a2, a2 + a3, 03 + 04 

2a2 + as, Q!l+Q!2 + «3: «2+Q!3 + Q!4 

Qfl + Q;2 + 2a3, tti + Q2 + tts + 04, 02 + 2q!3 + 0:4 

ai + 2a2 + 20:3, a2 + 2as + 2a4, ai + 02 + 2a3 + 04 
0:1+02 + 203 + 204, Oi + 2o2 + 2o3 + 04 
Oi + 2o2 + 203 + 204, Oi + 2o2 + 3o3 + 04 

Oi + 202 + 803 + 204 

Oi + 2o2 + 4o3 + 204 
oi + 3o2 + 4o3 + 204 
2oi + 3o2 + 4o3 + 204. 

(18) FI,sC = f4,; = 4,r = 4. 
we have 

a[ = Ai, 02 = A2, 03 = A3, 04 = A4. 

o' = implies o = 0. 
We list as follows, 

A]^ = {02, 03, 04, 02+03, 03 + 04, 02 + 203, 

02 + 03 + 04, 02 + 203 + 04, 02 + 203 + 204} 

Aj = {oi, 03, 04, 03 + 04} 

A^ = {oi, 02, 04, 01+02} 

Aj = {oi, 02, 03, 01+02, 02+03, 

02 + 203, 01+02 + 03, 01+02 + 203, 01+202 + 203}. 
We get Sfc as follows, 

si = 13, S2 = 8, S3 = 8, S4 = 13. 

Then s = 13. 

(19) FlI,9^ = U,l = 4,r = l. 
Then s = r = 1. 
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The Dynkin diagram of 02 is 
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ai a2 
We list all positive roots 

ai + a2, 2q;i + a2 
3ai+Q;2, 3Q;i + 2a2. 

(20) G,0C-02,Z = 2,r = 2. 
we have 

a\ — Ai, — A2. 

a' = implies a = 0. 
We list as follows, 

- {«2} 

A+ = {a,}. 

We get Sfc as follows, 

si = 3, S2 = 3. 

Then s = 3. 

Remark 4.1. i^or convenience, in the case of EI we give another computations by 
using the embedding listed in |Saml p81]. 

In M^, the positive roots of eg are: 

£i-£j,i<j; Si + Ej + ek,i < j < k; ei + £2 + £3 + £4 + £5 + £6- 
The simple roots are 

ai = £i - £i+i, 1 < i < 5; ae = £4 + £5 + £6- 
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We have 







+ ai-i H h Qij-i, 1 <i < 


ei+e2+ S3 




ai + 2a2 + 3a3 + 20:4 + a5 + ae 


si+e2+ £4 




ai + 2a2 + 2a3 + 2a4 + 05 + ae 


ei + £2 + £5 




ai + 2a2 + 2a3 + 0:4 + + 


£1 + £2 + £6 




ai + 2a2 + 2a3 + 0:4 + ag 


£1 + £3 + £4 




Q!i + a2 + 2q!3 + 20:4 + 0:5 + ag 


£1 +£3 +£5 




ai + Q!2 + 2q!3 + a4 + 05 + ae 


£1 + £3 + £6 




ai + a2 + 2a3 + 04 + ag 


£1 + £4 + £5 




ai + a2 + as + a4 + a5 + ae 


£1 + £4 + £6 




ai + a2 + a3 + a4 + 


£1 + £5 + £6 




ai + a2 + ^3 + ae 


£2 + £3 + £4 




a2 + 2a3 + 2a4 + + ae 


£2 + £3 + £5 




a2 + 2a3 + a4 + a5+a6 


£2 + £3 + £6 




a2 + 2a3 + 2a4 + ae 


£2 + £4 + £5 




a2 + a3 + a4 + a5 + ae 


£2 + £4 + £6 


— 


a2 + a3 + 0^4 + ae 


£2 + £5 + £6 




^2 + ^3 + ae 


£3 + £4 + £5 




Q!3 + 0^4 + 0^5 + ae 


£3 + £4 + £6 




a3 + a4 + ae 


£3 + £5 + £6 




a3 + ae 


£4 + £5 + £6 




ae 


£1 + £2 + £3 + £4 + £5 + £6 




ai + 2a2 + Sa3 + 2a4 + a^ + 2ae 



To get A^, we have two cases. 

For a = Si — ej,i < j, m^(a) = 0, then i<j<koTj>i>k, the number of 
roots is 




For a = Si + Ej + Sp, i < j <p, Tn'^{a) = 0, then we have 



A; = 1, 2, 3, k < i < j < p, the number of positive roots is 

k = 4:,ai + a5 + ae, a2 + as + ae, a3 + as + ae, 04 + as + ae- 

k = 5,ai + a2 + ae, ai + as + ae, ai + a4 + ae, ai + as + ae, a2 + as + ae, 

a2 + a4 + ae, 02 + as + ae, as + a4 + ae, as + as + ae, 04 + as + ae- 
k = 6, empty. 



Then we get the values of Sk are 26, 17, 13, 17, 26, 21 respectively. 
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Now we get all s- values for irreducible Riemannian symmetric spaces of compact 
type. In summary, we have the table 1.1 in the introduction of the present paper. 
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